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Abstract
Since the discovery a century ago, spin describing the intrinsic angular momentum of massive
elementary particles has exposed its nature and significant roles in wide ranges of (relativistic)
quantum phenomena and practical applications for future quantum technology. Emerging incon-
sistencies have also disclosed its telltale incomplete description. Finding relativistic spins (opera-
tors) of massive particles is a long-standing fundamental problem from the beginning of relativistic
quantum mechanics. Here we present the rigorous derivation and the representation of spin opera-
tors from the spacetime symmetry. The covariant parity operation, defined by the spin operators,
naturally leads to a fundamental equation equivalent to the covariant Dirac equation, which man-
ifests existent relativistic spins. Proper understanding position operator in the Dirac theory on
account of the spin operator through total angular momentum predicts no Zitterbewegung as well
as conserving orbital and spin currents. The spin operators can be applicable for unraveling the
inconsistencies and for exploring unveiled physics of massive particles.
1
INTRODUCTION.
Spin of a massive particle (e.g., electron) has become a very familiar and indispensable phys-
ical quantity in fundamental physics and applied sciences as well as quantum technologies [1]
since it was introduced to explain the broadening of the sodium D-lines observed by Zeeman
in 1897 [2] and the splitting of the silver beam observed by Stern and Gerlach in 1922 [3]. Still
its crucial roles have been revealed in various quantum phenomena such as Kondo effects [4],
spin Hall effects [5], quantum spin fluid [6], spin Hall insulator [7], quantum entanglements
[8] and so on. Quantum properties of spin have been widely used for realizations of spin-
based quantum computing [9], qubits [10], gating and logic operations [11, 12], data storage
[13], and electronics (spintronics) [14] including spin pump [15, 16], spin filter [17], and fluid
spintronics [18]. In spite of such remarkable progresses, counterintuitive incongruities have
emerged, for instance, in defining reduced spin state (spin entropy) [19–22] and spin current
[23–26], and in dealing with spin-dependent forces [27] when a relativistic situation or effect
(e.g., spin-orbit coupling) is considered. In relativistic quantum information and communi-
cation, that is, the severe controversy has occurred whether the spin entropy determined by
the reduced density matrix for the spin is valid [19–22]. In spintronics, it seems that the spin
current is not conserved in the presence of spin-orbit coupling [23–26] in both relativistic
and nonrelativistic situations, and that the spin transverse force for a relativistic electron
does not exist [27]. In addition, in particle physics, it seems also that the nucleon spin is not
simply made up by the quark spins, contrary to our desirous belief, because experimental ob-
servations of the proton’s spin reveal an incredibly little contribution of quarks on it, which
is called the proton spin crisis [28–30]. Such puzzling inconsistencies meet at an underlying
common ground, i.e., the origin of (relativistic) spin. Even the Zeeman interaction between
the nonrelativistic spin (the Pauli spin operator) and an external magnetic field, being widely
used in nonrelativistic quantum phenomena, to our best knowledge, still does not have a
concrete theoretical verification for its origin because, although the Dirac equation predicts
the correct electron magnetic moment [31], the spin itself has not been identified explicitly
from the first principles deriving the Dirac equation. Indeed, since the birth of Dirac theory
in 1928 [32], Schro¨dinger [33] in 1930 suggested the odd oscillating (quivering) motion of a
free spin-1/2 massive (Dirac) particle, i.e., the so-called Zitterbewegung for an explanation
of spin. On the other hand, many different (relativistic) spin operators have been defined
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for a complete description of spin [34–41]. However, the proposed spins do not provide clear
answers on the most fundamental questions, for examples, how the Dirac equation, as the
most successful description of massive spin-1/2 elementary particles, can predict the correct
electron magnetic moment, where spin comes from for massive particles, and how and why
handedness of massive particles exists to connect to spin. Even leaving the emerging incon-
sistencies aside, such undoubtedly challenging fundamental problems have by now remained
as an inherent obstacle as ever ab initio from the early days of spin. The matter of fact
is that (relativistic) spin operators for massive elementary particles have been undiscovered
[42].
In this article, we derive and obtain the two spin operators, whose squares are the second
Casimir invariant of the Poincare´ group, for massive elementary particles with any integer or
half-integer spin from the spacetime symmetry by using the minimal physical requirements.
We find that each of the two spin operators is responsible for each handedness of massive
elementary particles and then the corresponding natural representations of the Poincare´
group are given by either right-handed or left-handed representations. Both the two spin
operators are shown to be the generators of little groups of the Poincare´ group. As a
natural consequence of parity operation on the direct sum (1/2, 0)⊕ (0, 1/2) representation,
a fundamental equation in terms of the spin operator is obtained and found to be equivalent
to the covariant Dirac equation, which shows manifestly the existence of relativistic spin
operators and why the Dirac equation successfully describes spin-1/2 elementary particles
and their spin magnetic moments. We show that the Schro¨dinger’s Zitterbewegung is not
a physical motion of free Dirac particles by understanding proper position operator in the
Dirac theory on account of the spin operators. Finally, from Noether theorem, we show that
the spin is a fundamental conserved quantity and obtain the expression of the conserved
spin current.
RESULTS
Derivation of spin operator from the spacetime symmetry. Our four-dimensional
free spacetime is believed to have an apparent symmetry that includes translation invariance
and Lorentz invariance. The group of translations and Lorentz transformations is called
Poincare´ group. In 1939, Wigner classified elementary particles by an irreducible unitary
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representation of the Poincare´ group [43]. Massive particles with arbitrary spin are then
considered as unitary irreducible representations of the Poincare´ group. Yet, in the modern
paradigm of elementary particles, which is quantum field theory, fields are in general non-
unitary. With the unknown origin of spin, such a discrepancy might be also responsible
for the inconsistencies. It has then been required deeper understanding and reinvestigating
the irreducible representations of Poincare´ group to embed especially elementary particles
into fields. To find massive particles’ spins as the fundamental quantity, we start with the
Poincare´ group.
The most rigorous way to represent a group is to use Casimir operators that commute with
all generators of the group. Essentially, the two invariant Casimir operators of the Poincare´
group, i.e., P µPµ with the eigenvalue p
µpµ = m
2 and W µWµ with the eigenvalue w
µwµ =
−m2s(s+1), are known to give the mass m and the spin s of the particle, respectively, where
the Pauli-Lubanski (PL) vector is defined as W µ = 1
2
ǫµνρσJνρPσ with a four-dimensional
Levi-Civita ǫµνρσ (we set ǫ0123 = ǫ
1230 = 1), the generators of the (homogeneous) Lorentz
group Jµν , and the generators of translations P µ. Here, Einstein summation convention
is used for the Greek indexes µ ∈ {0, 1, 2, 3} and will be also used for Latin indexes k ∈
{1, 2, 3}, unless otherwise specifically stated. We will omit the word ‘operator’ freely, e.g., PL
vector instead of PL vector operator, because the context will clarify the usage. The metric
tensor gµν = diag(+,−,−,−) will be used. However, as is known, the spatial components
of the PL vector W k cannot be a spin three-vector because they do not satisfy even the
basic requirement of a spin operator, i.e., the su(2) algebra. Then spin operators were
not identified explicitly although the PL vector reveals spin quantum numbers for massive
particles.
However, the Lorentz-invariant square of the PL vector offers a way to reach the proper
spin operators satisfying the su(2) algebra, as the generators of an SU(2) subgroup of the
Poincare´ group, for massive elementary particles with spin s. The second Casimir invariant
actually implies that the square of (relativistic) spin three-vector S is well-defined in the
Poincare´ group if it satisfies
S · S = −
1
m2
W µWµ, (1)
that is, the Casimir operator is S2 and on an irreducible representation, S2 is equal to s(s+1)
times the identity matrix, with s = 0, 1
2
, 1, · · · . Practically, this fact allows us to consider a
spin three-vector S as a linear combination of PL vectors and to find the explicit expression
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of spin three-vector from physical requirements. Thus a general form of spin three vector
(the k-component of S) can be written down as
Sk = ak,0W
0 + ak,kW
k + ak,m6=kW
m ≡ ak,µ W
µ, (2)
where the index k in ak,k is not considered as repeated. The coefficients ak,µ will be de-
termined by physical requirements. Since the momentum and spin operators construct the
two independent Casimir operators, the momentum and the spin (an eigenvalue of the Sk)
are expected to label the representation of the Poincare´ group. This requires that the Sk
should commute with the momentum operator P µ. Then the coefficients ak,µ are functions
of complex numbers and the momentum operators P µ but they are not functions of the
Lorentz generators Jµν . Since a spin three vector is given from the components of the dual
spin tensor ∗Sµν = 1
2
ǫµνρσSρσ, i.e.,
∗Sk0 = Sk = 1
2
ǫkijSij , equation (2) should satisfy tenso-
rial properties in spacetime, where ǫk0ij becomes the three-dimensional Levi-Civita ǫkij with
ǫ123 = 1. Actually, we find the minimal requirements determining the coefficients ak,µ, that
is, a spin operator should satisfy (i) the su(2) algebra and (ii) the Lorentz-transformation
properties as a second-rank spin tensor. The two spin operators based on these physical
conditions are obtained (Methods) as
Sk± =
1
m2
(
P 0W k − P kW 0
)
±
i
m2
ǫ0kmlP
lWm. (3)
The Sk± in equation (3) are valid for all reference frames because the S
k
± are functions of
frame-independent operator. Note that there exist the two spin operators, which will give
clear answer on the fundamental questions and provide more profound understanding on
elementary particles with spin.
To be a proper spin operator in the Poincare´ group, the derived spin operators Sk± in
equation (3) must give the second Casimir invariantW µWµ. Straightforwardly, one can show
Sk±S
k
± = −W
µWµ/m
2. In fact, the two spin operators offer the same Casimir operator of the
Poincare´ algebra, i.e., Sk+S
k
+ = S
k
−S
k
−. The S
k
+S
k
+ and S
k
−S
k
− have the eigenvalues s+(s+ +1)
and s−(s−+1), respectively, because the S
k
± are the generators of SU(2) groups. The two spin
operators do not commute each other, i.e., [Si+, S
j
−] 6= 0 and cannot be mapped to each other
by a similarity transformation. Consequently, there are two inequivalent representations
for a massive particle with mass m and spin s±. Actually, the two representations are
associated with the transformation properties of particle’s states under the Lorentz boost
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transformations, i.e., particle’s handedness. It will become clear in detailed discussions of
the following discussions.
Representations of Poincare´ group for the two spin operators and particle’s
handedness. All representations of the Poincare´ group are classified by the eigenvalues of
two Casimir invariants, P µPµ = m
2 and Sk±S
k
± = s±(s± + 1). The base states Ψ±(p
µ, λ±) of
a representation space (m, s±), on which the representation of the Poincare´ group acts, are
obtained by the following eigenvalue equations:
P µ Ψ±(p
µ, λ±) = p
µΨ±(p
µ, λ±), (4a)
Sk± Ψ±(p
µ, λ±) = λ±Ψ±(p
µ, λ±), (4b)
where pµ = (p0,p), i.e., p is the spatial momentum of the base states in a specific frame
moving with velocity −β = −p/mγ with respect to kµ = (m, 0), We will call kµ = (m, 0) the
particle rest frame (PRF) for simplicity and pµ = (p0,p) a moving frame with momentum p.
Here, the Lorentz factor is γ = 1/
√
1− β2 and λ± ∈ {−s±,−s± + 1, · · · , s±} are the spin
eigenvalues of the k-component of the spin operators S±. We use the natural unit c = ~ = 1.
Note that the upper case and the lower case letters P µ and pµ are used for the momentum
operator and the momentum eigenvalue, respectively. After the momentum operators in the
spin operators Sk± act on the momentum eigenstate, the spin operators in the specific frame
moving with the momentum pµ become the Sk±(p) satisfying
Sk±(p)Ψ±(p
µ, λ±) = λ±Ψ±(p
µ, λ±). (5)
The Sk±(p) have the same forms in equation (3) where the momentum operator P
µ is replaced
by the momentum value pµ. We will use these representations in the specific frame for the
case that the only spin context is needed, and also call Ψ spin state. Under parity (spatial
inversion), since the momentum and the PL vectors transform as (P 0,P) ↔ (P 0,−P) and
(W 0,W) ↔ (−W 0,W), respectively, and the spin operator Sk+ transforms to the S
k
− and
vice versa in equation (3). As the base spin states of the two inequivalent representations,
the eigenstate Ψ+(p
µ, λ+) then transforms to the Ψ−(p
µ, λ−) and vice versa for the same
spin eigenvalue λ, i.e., Ψ+(p
µ, λ)↔ Ψ−(p
µ, λ), under parity. In order to understand clearer
how the two spin states Ψ+(p
µ, λ+) and Ψ−(p
µ, λ−) are related each other, we study the
representations and their relation to the spin operators Sk±(p).
At the PRF (p = 0) with the four-momentum kµ = (m, 0), since Sk+(0) = S
k
−(0) =
W k/m, the eignestates becomes Ψ+(k
µ, λ) = Ψ−(k
µ, λ) (≡ Ψ(kµ, λ)) for λ+ = λ−(≡ λ). Also
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Sk±(0) become a rotational generator J
k around k-th spatial coordinate because W k = mJk
at the PRF. The rotational generator Jk at the PRF can be represented as the usual su(2)
operator σk/2, where σk is the usual Pauli matrix satisfying the su(2) algebra. Hence we
naturally present the spin operator at PRF as the usual su(2) operator Sk±(0) = σ
k/2
corresponding to the spin operator in the nonrelativistic quantum mechanics. In sequence,
our purpose is to obtain the representation of the spin operators Sk±(p) in an arbitrary moving
frame. It can be accomplished most easily by using a Lorentz transformation (LT) of pµ
and wµ in the representation space, changing over from the PRF to the moving frame with
the momentum p. Thus, we can consider only a boost transformation because a rotation
in the PRF does not make the particle’s momentum changed. Two successive non-collinear
Lorentz boosts, equivalent to an effective rotation followed by an effective-single Lorentz
boost, are well-known to give rise to a nontrivial effect [44]. However, such an effective
rotation in the PRF is also not relevant to obtain the spin operators in the moving frame.
Thus, the explicit expressions of two spin operators in the moving frame can be determined
by a single pure boost transformation (so-called standard LT) L(p), i.e., L00 = p
0/m,
L0i = p
i/m, and Lij = δij + p
ipj/(m(p0 +m)) with the Kronecker-delta δij . This standard
LT changes the particle momentum from kµ = (m, 0) to pµ = (p0,p) as pµ = L(p)µνk
ν . At
the PRF, the PL vector becomes wµrest = (0, mσ/2), because w
0
rest =
1
2
ǫ0ijkJjkk
i = 0 and
Sk±(0) = w
k
rest/m = J
k is represented by σk/2. The PL vector in the moving frame, then
transformed by the standard LT, is given as w0 = L0µw
µ
rest = (σ · p)/2 and w
i = Liµw
µ
rest =
mσi/2 + pi(σ · p)/(2(m + p0)). For the reference frame with the momentum p, the spin
operators in equation (3) are represented as
Sk±(p) =
p0
2m
σk −
pk(σ · p)
2m(p0 +m)
± i
1
2m
(σ × p)k . (6)
Note that these explicit representations of the Sk±(p) provide the two inequivalent represen-
tations of the Poincare´ group through the eigenvalue equations in equation (5).
The relation between the spin states Ψ+(p
µ, λ) and Ψ−(p
µ, λ) for s+ = s− in equation (5)
can be understood by studying (2s + 1)-dimensional transformation operators U±[L(p)] in
obtaining Sk±(p) from S
k
±(0) in equation (6), i.e.,
Sk±(p) = U±[L(p)]S
k
±(0)U
−1
± [L(p)]. (7)
Actually, the explicit forms of the transformation operators U±[L(p)] are respectively derived
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(Methods) as
U±[L(p)] = exp
[
±
1
2
σ · ξ
]
, (8)
where ξ = 2 pˆ tanh−1[|p|/(p0 +m)]. Then, the eigenstates Ψ±(p
µ, λ) in the moving frame
and Ψ(kµ, λ) at the PRF have the relations:
Ψ±(p
µ, λ) = U±[L(p)]Ψ(k
µ, λ). (9)
Hence, equation (7) ensures that the two eigenstates Ψ±(p
µ, λ) are respectively transformed
from the eigenstate Ψ(kµ, λ) at the PRF without changing the spin eigenvalue λ. In this
sense the transformation operators U±[L(p)] can be regarded as the spin state representa-
tion of the standard LT L(p). Equation (7) also shows that the spin operators are related
as Sk+(−p) = S
k
−(p) because U+[L(−p)] = U−[L(p)]. More significantly, the transformation
operators U±[L(p)] are the same as the right-handed and the left-handed representations
of the standard LT L(p), respectively, in the (homogeneous) Lorentz group [31, 44]. Then
the representation spaces whose base vectors are Ψ±(p
µ, λ±) respectively provide the right-
handed and the left-handed representations in the Poincare´ group. In contrast with that
the Lorentz group is equivalent to SU(2)× SU(2) and then its representation is the tensor
product of the left-handed and the right-handed representations, it should be noted that the
representation of the Poincare´ group is given either by the right-handed or the left-handed
representations because the second Casimir invariant of the Poincare´ group is only one not
two. Consequently, the space-time symmetry gives the two spin operators Sk± from the two
physical requirements on the linear combination of PL vectors, the two spin operators deter-
mine the two inequivalent representations of the Poincare´ group, and the two inequivalent
representations are identified by the handedness of the spin state for arbitrary spin massive
particles. The two representation spaces of the Poincare´ group play a fundamental role as
the building blocks for the irreducible representations.
Under parity, as we discussed, the base states Ψ+(p
µ, λ) and Ψ−(p
µ, λ) are interchanged
each other. In describing a free massive elementary particle with parity symmetry, the rep-
resentation space should then contain all states of the two types of Ψ+(p
µ, λ) and Ψ−(p
µ, λ).
This requires that the Poincare´ group is extended by parity, and the natural representations
for the parity-extended Poincare´ group are the tensor product of the left-handed and the
right-handed representations, i.e., (s−, s+) representations similar to the representations of
the Lorentz group. However, the symmetry under the parity operation does not allow all
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the tensor product representations. In conclusion, for a complete description of free massive
elementary particles, the Poincare´ group is extended by parity, and the possible natural
representations of the parity-extended Poincare´ group are non-chiral (s, s) representations
and direct-sum (s−, s+)⊕(s+, s−) representations. This makes the reason clear, for instance,
why massive elementary particles with spin-1/2, i.e., the Dirac particles, are well described
in the direct-sum (1/2, 0)⊕ (0, 1/2) representation as one of the natural representations of
the parity-extended Poincare´ group.
Little groups generated by the two spin operators. Satisfying the su(2) algebra,
each of Sk± generates a SU(2) group. The elements of this SU(2) groups can be denoted
by D±(θ
k
±) = exp
[
i
2
θk±S
k
±
]
with a finite parameter θk± of the rotation group. The group
elements D±(θ
k
±) do not change the momentum of a particle because
D±(θ
k
±)P
µD−1± (θ
k
±) = P
µ, (10)
which is guaranteed by [Sk±, P
µ] = 0. As is known, the subgroup of the Lorentz group that
does not change the momentum of a particle is called the little group [43]. To complete our
argument that the group composed of every element D±(θ
k
±) is a little group, we have shown
that the action of D±(θ
k
±) on the spin states is represented by LTs (Methods).
In general, the base sates in both the right-handed and the left-handed representations
undergo the same little group rotation for general LTs (Methods). Due to the little group
rotation of the spin states, the consideration of a spin-state projected Lagrangian is not
physically meaningful in relativistic situation [45]. The fact that the rotation angles θk± of
the little groups corresponding to a specific LT are the same both for the right-handed and
the left-handed states, seems to be consistent with the existence of only one little group in
Wigner’s representation [43]. Actually, the representation of our little group differs from
that of Wigner little group because the representation of our little group is not unitary in
contrast to the representation of Wigner little group. Both of the two little groups generated
by Sk± are SU(2) groups. One can notice that the spin operators S
k
±(p) are non-Hermitian
and the base states Ψ±(p
µ, λ) are not unitary. This fact is very important to understand
why the Dirac spinor as the solution of the Dirac equation is non-unitary. It can be verified
through showing that the Dirac equation is equivalent to the fundamental equation obtained
from the covariant parity equation given by our spin operators in the next discussion.
The spin operators and the covariant fundamental equation equivalent to the
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Dirac equation. Among our possible natural representations of the parity-extended
Poincare´ group for a complete description of free massive particles with spin s, the di-
rect sum (s, 0) ⊕ (0, s) representation is the only representation without any redundant
representation space. Spin-s free massive elementary particles can then be rightly described
in our direct sum (s, 0) ⊕ (0, s) representation. The spin operator in terms of Sk± in the
2(2s+ 1)-dimensional representation is given as
Sk = Sk− ⊕ S
k
+ =
I2(2s+1)
m2
(P 0W k − P kW 0) + i
γ5
m2
ǫ0kmlW
mP l, (11)
with the 2(2s + 1)-dimensional identity matrix I2(2s+1) and γ
5 =

 −I2s+1 0
0 I2s+1

. One
can show clearly that the spin three vector Sk in Eq. (11) satisfies both the su(2) algebra
and the Lorentz-transformation properties as the tensorial requirement. Obviously, the
Casimir operators are P µPµ and S
kSk in the parity-extended Poincare´ group. The direct
sum (s, 0) ⊕ (0, s) representation is the irreducible representation of the parity-extended
Poincare´ group for a massive particle with the mass m and the spin s, which is labelled by
the eigenvalues of {P µ,Sk}. The eigenvalue equations for the (s, 0)⊕ (0, s) representation
can be written as
P µ ψD(p
µ, λ) = pµ ψD(p
µ, λ), (12a)
Sk(p)ψD(p
µ, λ) = λ ψD(p
µ, λ), (12b)
where with λ ∈ {−s,−s + 1, · · · , s} both for the left-handed and the right-handed spin
states, the space of base states in the (s, 0)⊕ (0, s) representation space are composed of a
linear combination of the direct-sum states of the eigenstates in equation (5):
ψD(p
µ, λ) =

 Ψ−(pµ, λ)
Ψ+(p
µ, λ)

 = U [L(p)]ψD(kµ, λ). (12c)
Here, ψD(k
µ, λ) is the eigenstate at PRF and the 2(2s+1)-dimensional standard LT is given
in the direct-sum representation as U [L(p)] = U−[L(p)]⊕U+[L(p)]. Since the S
k generates
a SU(2) subgroup in the parity-extended Poincare´ group, whose elements can be denoted by
D(θk) = exp[ i
2
θkSk] with the angle θk, the group composed of every element D(θk) is a little
group of the parity-extended Poincare´ group because DP µD−1 = P µ due to [Sk, P µ] = 0.
An equation of motion for free elementary particles, such as the Klein-Gordon equa-
tion and the original Dirac equation given by the relativistic invariant relation of energy-
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momentum [31], is expected to be derived from the spacetime symmetry relations. Note
that since Ψ±(p˜
µ, λ) = Ψ∓(p
µ, λ) with p˜µ = (p0,−p), as usual, one may regard the parity
operation P as
P ψD(p
µ, λ) =

 Ψ+(pµ, λ)
Ψ−(p
µ, λ)

→ γ0ψD(pµ, λ), (13)
where γ0 =

 0 I2s+1
I2s+1 0

. Equation (13) is an another nontrivial relation given by parity
operation for free massive particles with spin. However, the γ0 is not a covariant represen-
tation of the parity operation P. Since not only parity but also Lorentz symmetries are
included in the extended Poincare´ symmetry, the representation of parity operator P should
be covariant under LT. Because the representation space is constructed by the eigenstates
of P µ and Sk±, the covariant form of the parity operator in the spin state space should be
also constructed by P µ(pµ) and Sk±(S
k
±(p)). Owing to the transformation properties of the
spin states Ψ±(p
µ, λ) under U±[L(p)], the covariant parity operation on the spin eigenstates
can be obtained. However, only for spin-1/2 case, the covariant parity operation is possible
and defined (Methods) as
1
m
(
p0 + 2S0µ(p)p
µ
)
Ψ±(p
µ, λ) = Ψ∓(p
µ, λ), (14)
where the antisymmetric tensor operator Sνµ is defined by using the dual spin tensor oper-
ator ∗Sνµ;± as
Sνµ(p)Ψ±(p
µ, λ) = ∓∗Sνµ;±(p)Ψ±(p
µ, λ). (15)
Here Sk± =
1
2
ǫklmSlm;± with the spin tensor S
µν
± and the dual spin tensor
∗Sµν;± = 1
2
ǫµνρσSρσ;±,
and then S0k(p)Ψ±(p
µ, λ) = ∓Sk±(p)Ψ±(p
µ, λ). Hence only for spin-1/2 massive particles,
the covariant form and operation of the parity operator in the (1/2, 0)⊕ (0, 1/2) represen-
tation are represented as
P ψD(p
µ, λ) =
1
m

p0 + 2

 S0µ(p)pµ 0
0 S0µ(p)p
µ



ψD(λ; p) = γ0ψD(pµ, λ). (16)
This covariant representation of the parity operator transforms as 0-th component of a four-
vector under a LT. To make a compact form of equation (16), we multiply both sides of
equation (16) by γ0 and then obtain the Lorentz covariant equation
(γ˜µ(p) pµ −m)ψD(p
µ, λ) = 0, (17a)
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where the defined γ˜µ matrices are given by
γ˜0 = γ0 and γ˜k(p) = 2

 0 S0k(p)
S
0k(p) 0

 . (17b)
Consequently, we obtain the fundamental equation for a free massive particle with spin
1/2 in equations (17a) and (17b) from the covariant parity operation on the direct sum
(1/2, 0) ⊕ (0, 1/2) representation. One can confirm easily that the parity-inversion spin
state ψPD(p
µ, λ) = γ0ψD(p
µ, λ) satisfies the same equation in equations (17a) and (17b), i.e.,
(γ˜µ(p) pµ −m)ψ
P
D(p
µ, λ) = 0. It should be noted that the new gamma matrices also satisfy
the Clifford algebra, i.e., γ˜µ(p)γ˜ν(p) + γ˜ν(p)γ˜µ(p) = gµν . The fundamental equation shows
that the relativistic spin S0µ is naturally coupled with the momentum p
µ for free spin-1/2
massive particles.
The fundamental equation in equations (17a) and (17b) for spin 1/2 seems to be higher-
order equation rather than a first-order equation in the momentum because the tensor
operator S0k(p) depends on the momentum pµ through the spin operators Sk±(p). Very
interestingly, however, one may notice the equivalence 2Sk±(p)p
k = σkpk for any spin s. In
the fundamental equation, our gamma matrices γ˜(p) in equation (17b) can then be reduced
to the usual Dirac gamma matrices γµ described by only the Pauli matrices. Hence, our
fundamental equation in equations (17a) and (17b) for a free massive particle with spin 1/2 is
equivalent to the usual covariant Dirac equation (γµpµ −m)ψ = 0 [31]. It is shown that the
covariant Dirac equation is naturally given by the space-time symmetry, i.e., the Poincare´
symmetry extended by parity symmetry, and the appearance of the Pauli matrices [31] in it
is a natural consequence of the relativistic spin operators Sk±(p). This fact explains clearly
why the Dirac equation can predict the existence of spin and it describes spin-1/2 massive
elementary particles very well. Additionally, the noticeable property of the relativistic spin
S±(p) for any spin s is to be the equivalence of its projection to the projection of known spin
matrices onto the particle’s spatial momentum, i.e., the helicity operator σ/2 · p/|p| [31].
This fact makes the use of the helicity operator justified for relativistic massive particles
with any spin s.
Proper position operator and nonexistence of Zitterbewegung. So far we have pre-
sented the rigorous derivation of spin operators, the corresponding natural representations
of Poncare´ group, the origin of particle’s handedness, and the fundamental equation from
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the covariant parity operation. These give clear answers on the fundamental questions asso-
ciated with spin. Especially, the newly derived fundamental equation in equations (17a) and
(17b) manifests the clear-cut verifications of the origin of spin and provide more profound
understandings on the physical results expected by the original Dirac theory. Further, our
relativistic spin can provide new physical understandings on the emerging inconsistencies
and the controversial issues. Of significant topic for an origin of spin for s = 1/2 is the
Zitterbewegung predicted by Schro¨dinger [33]. To be interpreted as an origin of spin for
s = 1/2, i.e., an intrinsic nature of elementary particles, the Zitterbewegung is however
problematic because it survives only if there occurs an interference between the positive-
and negative-energy eigenstates of the solutions of the Dirac equation [46]. More paradoxi-
cally, the acceleration of the free particle is not zero [46]. The standard position operator X,
being used in nonrelativistic quantum theory, has been used to actually result in the predic-
tion conflicting severely with the Newton’s second law of motion [46]. The Zitterbewegung
is essentially related to the fundamental problem of proper position operator in relativistic
quantum theory. Since the (proper) spin operator is discovered for massive particles, the
total angular momentum as the constant of motion in the Dirac Hamiltonian can offer a way
to determine the corresponding proper relativistic position operator that resolves the para-
doxical relativistic quivering motion of free Dirac particles described by using the improper
position operator.
Dirac [32] found that the total angular momentum J = Σ/2 + X × P is a constant of
motion, i.e., it commutes with the Dirac Hamiltonian H = α ·P+βm, i.e., [H,J] = 0, where
α = γ0γ, β = γ0, and Σ = γ5α. Using the relativistic spin operator S in equation (11), the
total angular momentum J can be decomposed as J = S +X ×P with a proper relativistic
position operator X . Similar to the standard position operator X, the proper position
operator X should also satisfy [X i,X j] = 0 for the locality requirement [35]. Satisfying the
requirements, the proper position operator is obtained as
X = X+
Σ×P
2m(P 0 +m)
− i
γ5Σ
2m
+ i
γ5(Σ ·P)P
2mP 0(P 0 +m)
. (18)
This relativistic position operator satisfies the relation X =
exp [γ5Σ · ξ/2] X exp [−γ5Σ · ξ/2], where U = exp [γ5Σ · ξ/2] is the spin state repre-
sentation of the Lorentz boost with the rapidity ξ in the direct sum (1/2, 0) ⊕ (0, 1/2)
representation. This seems to imply that the relativistic position operator X in the
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momentum representation can be considered as the position operator Lorentz-boosted
from the position operator X at the rest frame, similar to that the spin operator S can
be regarded as the spin operator in the moving frame boosted from the spin operator Σ
at the rest frame. However, the standard position operator X is not the position operator
at the rest frame but the position operator conjugates to the momentum, i.e., i∂p in the
momentum representation.
Straightforwardly, the velocity operator υ = dX/dt = i[H,X ] for free Dirac particles is
calculated by using the commutation relation with the free Dirac Hamiltonian H as
dX
dt
=
P 0
m
α−
(γ ·P)P
P 0(P 0 +m)
+ i
Σ×P
m
+ γ −
(α ·P)P
m(P 0 +m)
. (19)
The eigenvalues of the velocity operator υ are ±p/p0 in a sharp contrast to the eigenvalues
±1 of the dX/dt = α expected by Schro¨dinger. The eigenvalues of the velocity operator υ
depend only on the momentum so that the expectation value of the commutator between
the velocity operator and the free Dirac Hamiltonian is zero, i.e., the velocity operator υ
is a constant of motion. This can be confirmed by calculating the acceleration operator
dυ/dt = i [H, dX /dt]:
d2X
dt2
=
2P 0
m
P×Σ+2i
[
(P×γ)×P
P 0 +m
−
mβP
P 0
−
m(α ·P)P
P 0(P 0 +m)
+
(P×α)×P
m
+m(β+I4)γ
]
.(20)
Compared to the non-zero eigenvalue of the d2X/dt2, note that the eigenvalues of the accel-
eration operator dυ/dt are zero, which means that the expectation value of the acceleration
operator on free Dirac particle states is zero. Consequently, the expectation value of the
velocity operator for free Dirac particles is constant with the value p/p0 as the classical
velocity. With the constant momentum dP/dt = i[H,P] = 0, the physical motion of free
Dirac particles does not conflict with the Newton’s first law of motion. We have shown that
no quivering motion (Zitterbewegung) appears at all for free Dirac particles as a represen-
tation of the extended Poincare´ group of a four-dimensional space-time symmetry, even for
the case with both particle and antiparticle, which are represented by four-spinors. The Zit-
terbewegung appearing through the Heisenberg equation of the standard position operator
X can be concluded not to be a physical motion for a free Dirac particle.
Conserved spin current from Noether’s theorem. Of important issue is whether the
spin as an intrinsic kinematic property of massive particles is a conserved quantity because
the associated conservation laws, as fundamental features of our four-dimensional spacetime,
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can play a central role in the relativistic quantum theory. In general, Noether’s method [47]
allows us to answer explicitly on this question with considering the spin-1/2 Lagrangian
L = ψ¯D(iγ˜
µ∂µ −m)ψD that gives the fundamental equation in equations (17a) and (17b),
where ψ¯D = ψ
†γ0. Because of γ˜µpµ = γ
µpµ, the Lagrangian is equal to the usual QED
Lagrangian L = ψ¯D(iγ
µ∂µ − m)ψD. For Lorentz transformation in the Poincare´ group,
Noether’s theorem [47] gives the conserved current
(J µ)ρσ = XρT µσ −XσT µρ + ψ¯Dγ
µΣρσψD, (21)
which satisfies ∂µ(J
µ)ρσ = 0, where the energy-momentum tensor T µν = iψ¯Dγ
µ∂νψD and
the Lorentz generator Σρσ = i
4
[γρ, γσ]. The conserved current gives rise to the conserved
charges that consist of the total angular momentum Qij =
∫
d3x(J 0)ij =
∫
d3x (X iT 0j −
XjT 0i + ψ¯Dγ
0ΣijψD) and a conserved quantity under pure boosts Q
0i =
∫
d3x(J 0)0i =∫
d3x (X0T 0i −X iT 00 + ψ¯Dγ
0Σ0iψD). One can confirm that the last term of equation (21)
comes from the Lorentz transformation of the spin states and does not satisfy itself the
current conservation, i.e., ∂µ(iψ¯Dγ
µΣρσψD) = 0.
To make the contribution of spin clear for the Noether’s current under the Lorentz sym-
metry, thus let us decompose the conserved current of equation (21) properly by using the
spin operator as follows:
(J µ)ρσ = X ρT µσ −X σT µρ + ψ¯Dγ
µSρσψD, (22)
where X i is a corresponding proper position operator. Then the current for a proper con-
tribution of spin can be defined by
(J µS )
ρσ = ψ¯Dγ
µSρσψD, (23)
where the spin tensor Sρσ = i
4
[γ˜ρ, γ˜σ]. To be conserved itself, the current in equation (23)
should satisfy ∂µ(J
µ
S )
ρσ = 0, i.e., ψ¯D[S
ρσ, γµPµ]ψD = 0. The requirement can be rewritten
as ψ¯D[S
ρσ, γµPµ]ψD = ψ¯D[S
ρσ
rest, mγ
0]ψD by considering a LT U [L(p)] = U−[L(p)]⊕U+[L(p)]
transforming from the PRF to an arbitrary reference frame and using the relations Sρσ =
U [L(p)]SρσrestU
−1[L(p)], U [L(p)]PµU
−1[L(p)] = L ρµ Pρ, and U [L(p)]γ
µU−1[L(p)] = L µσ γ
σ,
where Sρσrest = Σ
ρσ/2. We find that ψ¯D[S
0i, γµpµ]ψD 6= 0 because ψ¯D[S
0i
rest, mγ
0]ψD 6= 0. This
implies that under pure boots, the (J µ)0i is only conserved itself.
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However, we find that ψ¯D[S
ij , γµpµ]ψD = 0 because ψ¯D[S
ij
rest, mγ
0]ψD = 0. The (J
µ)ij,
giving rise to the total angular momentum as the conserved charge, are decomposed into
the two conserved currents:
(J µ)ij = (J µL )
ij + (J µS )
ij, (24a)
where the relativistic orbital current (J µL )
ij and the relativistic spin current (J µS )
ij are given
as
(J µL )
ij = X iT µ j − X jT µ i, (24b)
(J µS )
ij = ψ¯Dγ
µSijψD, (24c)
satisfying ∂µ(J
µ
L )
ij = 0 and ∂µ(J
µ
S )
ij = 0, respectively. The relativistic orbital and
spin currents give rise to the corresponding conserved charges, i.e., the orbital angular
momentum QijL =
∫
d3x(J 0L)
ij =
∫
d3x(X iT 0 j − X jT 0 i) and the spin angular momen-
tum QijS =
∫
d3x(J 0S )
ij =
∫
d3xψ†DS
ijψD, respectively. Therefore, the relativistic spin
Sk(= 1
2
ǫkijS
ij) for spin 1/2 in equation (11) is a good observable and the relativistic spin
current (JµS )
ij in equation (24c) is conserved. These are a natural consequence of the fact
that the spin operators Sk are the generators of the little group as a subgroup of the
parity-extended Poincare´ symmetry group. It should be also noted that like the case of
non-relativistic systems where one can specify a given energy state by the projection of spin
along the z-axis (namely, by the eigenvalue of Sz), in the relativistic case such a specification
is useful since spin is a constant of motion.
Discussion
For discussing more implications of our results, it would be better to summarize our results in
a view of consequentially developed fundamental concepts. We have derived the relativistic
spin operators for any spin s from the physical requirements on the spacetime symmetry,
which shows that the intrinsic angular momentum of massive elementary particles are a
relativistic-kinematic quantum character of spacetime. In contrast to a common belief,
there are the two relativistic spin operators for massive particles with any integer or half-
integer spin. The two spin operators are also the generators of which the little groups are a
subgroup of Lorentz transformations which leave the momentum of a particle invariant. The
handedness of massive particles arises naturally as a consequence of the two relativistic spin
operators in the representation of the Poincare´ group. Under the parity transformation,
moreover, one handedness representation turns into the other handedness representation
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due to that one spin operator becomes the other spin operator. This fact implies that free
massive particles with spin s are completely described in the parity-extended Poincare´ group
and the only natural representation without any redundant representation space is the direct
sum (s, 0)⊕ (0, s) representation.
Furthermore, the covariant parity operation on the direct sum (s, 0)⊕(0, s) representation
can provide a fundamental equation for massive particles with any spin s, together with the
eigenvalue equations (12a) and (12b) with respect to the momentum P µ and the spin angular
momentum Sk, respectively. However, only for spin-1/2 massive particles, the covariant
parity operator, which is derived from the covariance requirements, exists and then results in
the fundamental equation. We find that the fundamental equation for spin 1/2 is equivalent
to the covariant Dirac equation originally derived as a first-order equation satisfying the
Einstein’s energy-momentum relation. In contrast to the existence of the Dirac equation
for spin-1/2 massive particles, the nonexistence of covariant operators for massive particles
with spin higher than 1/2 may explain why for higher spin massive particles, as is well-
known, a proper relativistic description has still been a long standing problem in quantum
theory. As an example, although our direct sum states ψD satisfy the relativistic wave
equations suggested by Weinberg[44] for spin-s massive particles, the unphysical solutions
[48] have been noticed in the Weinberg equations due to 2s-order time derivatives. Other
most proposed descriptions have been known to have the main drawbacks such as containing
redundant or unwanted degrees of freedom. However, exploring higher spin massive particles
in a more systematic way has become possible with our established facts that for any spin s,
the spin operators are given explicitly in equation (3), they satisfy the eigenvalue equation in
equation (5), and their projection on the momentum is equal to the conventional definition
of particle’s helicity, i.e. 2Sk±(p)p
k = σkpk.
As the paradoxical prediction from the Dirac equation for spin 1/2, the Schro¨dinger’s
Zitterbewegung is resolved not to happen in accordance with the proper relativistic position
operator which is determined by the relativistic spin operator through the total angular
momentum for free Dirac particles. Whether the Zitterbewegung exists has recently been
a revived interest in simulations of relativistic quantum effects using different artificial and
nonrelativistic physical systems. Interestingly, a one-dimensional spinless Dirac-like Hamil-
tonian satisfying the one-dimensional energy-momentum relation has been realized in single
ion trap experiments [49] and an oscillatory behavior similar to the original Zitterbewegung
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has been observed in the average value of the spinless particle’s position due to a quantum
interference between mimic positive- and negative-energy states, which depends on the setup
of the initial state. Thus it is pertinent to mention 1 + 1 dimensional spacetime symmetry
for comparison to 3 + 1 dimensional spacetime symmetry for relativistic observables. For
the Poincare´ group of a 1 + 1 dimensional spacetime symmetry, there is only one Casimir
operator for mass, i.e., P µPµ with the eigenvalue m
2 with µ ∈ {0, 1} [50]. No spin exists for
1+1 dimensional particles. Similar to the 3+1 dimensional Dirac equation, 1+1 dimensional
Dirac-like equation has solutions of positive- and negative-energy states, although it does
not have spin [51]. Then, 1+1 dimensional spinless Dirac particle was also expected to have
a similar Zitterbewegung based on the one-dimensional standard position operator X with
similar paradoxical features [51]. The experimental result supports that a Zitterbewegung
phenomenon cannot be an origin of spin because the one-dimensional Dirac-like Hamilto-
nian cannot contain spin degree of freedom. Further, in contrast to currently unreachable
length and short time scales around 10−13m and 1021Hz, respectively, beyond the capability
of present technology for the Schro¨dinger’s Zitterbewegung, the quantum simulation of 3+1
dimensional Dirac theory of a trapped ion would reach the experimental feasibility in near
future. Such a proof-of-principle quantum optical simulation of a tunable relativistic quan-
tum mechanical system may allow to explore the relativistic spin and the proper position
operator of 3 + 1 dimensional spin-1/2 Dirac-like particles and to provide intriguing and
profound understanding of a Dirac particle.
In a remarkable contrast to previous approaches suggesting relativistic spin operators for
spin-1/2 massive particles, our approach giving the fundamental equation from the relativis-
tic spin operator S as the generators of the little groups in the parity-extended Poincare´
group has enabled to manifest from the Noether’s theorem that our relativistic spin S in
equation (11) is a conserved quantity. Also the corresponding spin current (JµS )
ij in equation
(24c) has been expressed explicitly by using the spin operators and has been shown to be
conserved. The relativistic spin S and spin current (JµS )
ij can be naturally extended with an
electromagnetic interaction and then are applicable in exploring future spin-based (relativis-
tic) quantum technologies as well as in resolving the inconsistent phenomena, for instance,
the non-conserving spin current due to spin-orbit couplings, emerging in spintronics [23–26]
Our work opens the door for unraveling the puzzling inconsistences in association with
the fundamentals of spin and its dynamics, and for exploring unveiled physics of massive
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particles for any spin s. On the more practical level, one could use the spin operators and
the corresponding representation of the Poincare´ group in exploring spin-dependent forces
on massive particles. On the more fundamental level, the fundamental equation, expressed
explicitly in terms of the relativistic spin as the invariant in the spacetime symmetry, could
be considered as a starting point to attempt to set up a quantum gravitational theory in
the elementary particle domain by exploring how the relativistic spin couples with gravity
for finding a successful extension of relativistic quantum theory.
APPENDIX
Derivation of spin operator with physical requirements. (i) In classical physics, a
spatial angular momentum vector and the total angular momentum vector are a spatial
three-vector. It is then natural that a spin angular momentum vector is also regarded as
a spatial three-dimensional vector. Thus, the spin three-vector transforming as a three-
dimensional vector under a spatial rotation should satisfy
[J j , Sk] = iǫjklS
l, (25)
where J j is the rotation generator around the axis xˆj and ǫjkl is a three-dimensional Levi-
Civita with ǫ123 = 1. Let us substitute equation (2) into the commutation relation in
equation (25). Equation (25) becomes
[J j , ak,µ]W
µ + iǫjlnak,lW
n = iǫjklal,νW
ν (26)
by using J i = ǫijkJ
jk/2 and [Jλµ,W ν ] = i(gµνW λ−gλνW µ). Since all W µ terms are linearly
independent, the coefficients ak,µ from equation (26) have the conditions:
[
J j , ak,0
]
= iǫjklal,0 for W
0, (27a)[
J j , ak,k
]
+iǫjlkak,l= iǫjklal,k for W
k, (27b)[
J j , ak,m6=k
]
+iǫjl(m6=k)ak,l= iǫjklal,m6=k for W
m. (27c)
As a function of the momentum operators, the coefficient ak,0 in equation (27a) is a
function of P k and P 0 because for j = k, [Jk, ak,0] = 0 is guaranteed from [J
k, P 0] = 0 and
[Jk, P k] = 0 in the commutation relation between Jµν and P ρ, i.e., [Jµν , P ρ] = i(gνρP µ −
gµρP ν). In order to satisfy equation (27a) for j 6= k, also, ak,0 should be a linear function of
19
P k because if it is a quadratic and more higher order function of P k then the left-hand side
of equation (27a) becomes zero, but the right-handed side of equation (27a) cannot be zero
with general momenta. Then, the coefficient ak,0 of the term W
0 can be written as
ak,0 = f0(P
0) P k, (28)
where f0(P
0) is a function of P 0.
Equation (27c) becomes [Jk, ak,m6=k] = iǫkmlak,l for j = k and [J
m, ak,m6=k] = iǫmklal,m for
j = m. This implies that the non-commuting part of the operator ak,m6=k transforms as the
m- or k-component of a three-vector under a rotation. In three-dimension, only two types
of vectors are possible. One is an ordinary vector P, the other is a pseudovector P×C with
a constant vector C. To satisfy equation (27c), then, the ak,m6=k is expressed as
ak,m6=k = f2(P
0) P kPm + f3(P
0)ǫkmlP
l, (29)
where f2(P
0) and f3(P
0) are functions of P 0.
The coefficient ak,k in equation (27b) is a function of P
k and P 0 because ak,k commutes
with Jk for j = k. For j 6= k, furthermore, equation (27b) becomes [J j, ak,k] = 0 by using
the coefficient ak,m6=k in Eq. (29). At this stage, then, the coefficient ak,k is not specified
more. However, for j 6= k 6= m, equation (27c) can be [J j , ak,m6=k] + iǫjkmak,k = iǫjkmam,m.
Satisfying this condition, ak,k can have a form of f1(P
0) or f2(P
0)P kP k. The coefficient ak,k
can then be written as
ak,k = f1(P
0) + f2(P
0)P kP k, (30)
where f1(P
0) is a function of P 0. Consequently, as a three-dimensional vector satisfying
equation (25), equation (2) can be rewritten in terms of a more specific form of the coefficients
ak,µ:
Sk = f0(P
0)P kW 0 + f1(P
0)W k + f2(P
0)P kP nW n + f3(P
0) ǫkml P
lWm. (31)
(ii) The spin three-vector operators are generators of SU (2) group such that they should
satisfy the su(2) algebra, i.e., the commutation relations,
[Si, Sj] = iǫijkS
k. (32)
Let us put equation (31) into the commutation relation in equation (32). By using the
commutation relations [W 0,W k] = iǫklmW
lPm and [W i,Wm] = iǫiml(W
lP 0−W 0P l), three
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equations are obtained as
f0 + f2P
0=−f0f1P
0 − f 21 +m
2f 23 − f1f2P
2
0 , (33a)
f1=(f0 + f2) f1 (P
2
0 −m
2) + f 21 P
0, (33b)
f3=(f0 + f2) f3 (P
2
0 −m
2) + f1f3P
0. (33c)
From equations (33a), (33b), and (33c), however, f ’s cannot be determined because the three
equations have the four variables, which means that infinitely many solutions are possible
with respect to f ’s. Moreover, equations (33b) and (33c) are not independent each other.
(iii) To specify f ’s more, we consider the fact that the angular momentum three-vectors
are obtained from the second-rank tensors. In the same manner of the relation between the
angular momentum tensor and the angular momentum three-vector, the spin three-vector
is denoted by using the spatial components of a spin tensor Sµν , i.e.,
Sk =
1
2
ǫklmSlm. (34)
Crucially, Sk is the k0-component of the dual spin tensor ∗Sµν = 1
2
ǫµνρσSρσ, i.e.,
∗Sk0 = Sk (35)
because ∗Sk0 = 1
2
ǫk0lmSlm =
1
2
ǫklmSlm. Hence, equations (34) and (35) imply that S
k should
be transformed as a k0-component of a second-rank tensor for a LT. In fact, this tensorial
requirement is a generalization of the spatial three-vector condition in equation (25) because
if a LT becomes a spatial rotation then the tensorial requirement reduces to the spatial three-
vector condition in (i). As well as the spatial three-vector condition in equation (25), thus,
the tensorial requirement gives the additional condition.
Then, f ’s given in equations (28), (29), and (30) from the spatial three-vector condition
can be specified more by the additional condition as follows. Under a LT, f1 should be
linearly proportional to P 0, i.e., f1(P
0) = b P 0, to make the term of f1(P
0)W k transforming
like a k0-component of the tensor, while f0 and f3 should be constant (scalar), i.e., f0(P
0) = a
and f3(P
0) = c, because, for instance, the terms of P kW 0 and ǫkmlP
lWm = ǫ0kmlP
lWm
already transform like a k0-component, where b and c are constant (scalar under the LT).
However, the term of f2(P
0)P kP nW n is converted to a form of f2(P
0)P kW 0P 0 by using
W µPµ = 0. This implies that actually this term is a k00-component of a third-rank tensor.
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Thus, to satisfy the tensorial property of the second-rank spin tensor, one has to set f2(P
0) =
0. Consequently, equation (31) can be rewritten as a more specific form:
Sk = a P kW 0 + b P 0W k + c ǫkmlP
lWm. (36)
On substituting equation (36) into equation (32), equations (33a), (33b), and (33c) be-
come, respectively,
a = −a b P 20 − b
2P 20 +m
2 c2, (37a)
b = a b (P 20 −m
2) + b2 P 20 , (37b)
c = a c (P 20 −m
2) + b c P 20 . (37c)
For an arbitrary P 0, the three equalities in equations (37a), (37b) and (37c) should hold,
which means that both the coefficients of P 0 and the constant terms in the equalities should
be zero. To determine the three constants a, b, and c, then, we obtain the six conditions:
a (a + b) = 0 and a −m2 c2 = 0, (38a)
b (a+ b) = 0 and b (1 +m2 a) = 0, (38b)
c (a + b) = 0 and c (1 +m2 a) = 0. (38c)
These six conditions clearly show that if one of the three constants is zero then all of the three
constants become zero. Hence, all of them should be nonzero and then the six conditions
reduce to the three conditions:
a+ b = 0, (39a)
1 +m2 a = 0, (39b)
a−m2 c2 = 0. (39c)
One can obtain the two sets of the three constants as
a = −
1
m2
, b =
1
m2
, and c = ±
i
m2
. (40)
Resultantly, we obtain the two spin three-vectors as
Sk± =
1
m2
(
P 0W k − P kW 0
)
±
i
m2
ǫkmlP
lWm.
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Note that in deriving the two spin operators in equation (3), we used the minimal conditions,
i.e., the su(2) algebraic requirement in (ii) and the tensorial requirement in (iii), because
the tensorial requirement includes the spatial three-vector condition in (i).
Transformation operator. The spin operator Sk±(p) in equation (6) have been obtained
from the Sk± in Eq. (3) by using the standard boost LT L(p) from the rest frame to
the moving frame with the momentum p. This implies that the spin operator Sk±(p) in
equation (6) can be reexpressed as a usual transformation form, i.e., U±S
k
±(0)U
−1
± in terms
of the rest spin operator Sk±(0) with a transformation operator U . Prior to manipulate the
right-handed side of equation (6), let us define cosh ξ
2
=
√
p0+m
2m
and sinh ξ
2
=
√
p0−m
2m
with
(p0)2 = |p|2 +m2. One can then manipulate the right-handed side of Sk+(p) in Eq. (6) such
as
Sk+(p) =
σk
2
+ sinh ξ Ak + (cosh ξ − 1) Bk (41a)
=
σk
2
+
∑
n=1
[
ξ2n−1
(2n− 1)!
Ak +
ξ2n
2n!
Bk
]
, (41b)
where Ak = i (σ × pˆ)k /2 and Bk = σk/2− pˆk (σ · pˆ) /2. One can notice that equation (41b)
can be expressed as a form of eXY e−X = Y +
∑
n=1Xn/n! with Xn+1 =
1
n+1
[X,Xn] and
X1 = [X, Y ] in the Baker-Hausdorff formula because the first term can be Y = σ
k/2. Then,
let us work out an explicit form of the operator X by assuming the transformation operator
as U+ = exp[X ], where X = f(σ) is a function of the rest spin operator σ with the given
momentum pµ in a moving frame. In terms of the function f(σ), the recursive relation is
given as Xn+1 =
1
n+1
[f(σ), Xn] with X1 = [f(σ), σ
k/2]. Comparing with equation (41b),
we have the two relations X2n−1 =
ξ2n−1
(2n−1)!
(σ/2× pˆ)k and X2n =
ξ2n
2n!
(
σk/2− pˆk (σ/2 · pˆ)
)
.
In determining the function f(σ), thus, we have the two conditions X1 = [f(σ), σ
k/2] =
ξ (σ/2× pˆ)k and 1
2n+1
[f(σ), (σ/2× pˆ)k] = ξ
2n
(
σk/2− pˆk (σ/2 · pˆ)
)
. By using the su(2)
algebra [σi, σj] = 2iǫijkσ
k, we see (σ × pˆ)k = [σj , σk]pˆj/2 and then find f(σ) = ξ σjpˆj/2.
By putting the function f(σ) = ξ σjpˆj/2 into the second condition, one can find that the
equality of the second condition holds. The Sk+(p) in equation (6) is reexpressed as
S+(p) = exp
[1
2
σ · ξ
](σk
2
)
exp
[
−
1
2
σ · ξ
]
.
Consequently, the spin oprator Sk+(p) is the standard boost LT of the rest spin operator
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Sk+(0) and the LT operator for the spin operators is defined as
U+ = exp
[σ
2
· ξ
]
.
Similarly, we also obtain U− = exp [−σ/2 · ξ] from the S
k
−(p) in equation (6).
Little groups. Since the group elements D±(θ
k
±) are respectively generated by the spin
operators Sk±(p), the representation spaces of these groups are composed of the eigenstates
Ψ±(p
µ, λ). To study the case that gives the little group in these representation spaces, let us
first consider the non-collinear successive Lorentz transformations, transforming the particle
back to its rest frame, from the PRF. All non-collinear successive Lorentz transformations
Λ and L(p) with ΛL(p) 6= L(Λp) can give the effective rotation in the PRF:
R(Λ,p) = L−1(Λp)ΛL(p), (42)
where L−1(Λp) is the inverse of L(Λp), ΛL(p) transforms the rest momentum kµ to qµ =
ΛµνL(p)
ν
ρk
ρ, and L(q) is a standard Lorentz transformation giving qµ = L(Λp)µρk
ρ, because
ΛL(p) is equivalent to the rotation followed by the standard LT L(Λp), i.e., ΛL(p) =
L(Λp)R(Λ,p). In the representation space composed of the eigenstates Ψ(kµ, λ) at the
PRF, the rotation R(Λ,p) is represented by D˜(R(Λ,p)) = exp[ i
2
φk(Λ,p) σk], where the
rotation angle φk are determined by Λ and L(p) through the rotation R(Λ,p). One can
see that the representation of D˜±(R(Λ,p)) is nothing but the element D±(θ
k
±) generated by
the Sk±(0) = σ
k/2 with the angle θk± = φ
k(≡ θk) because D±(θ
k
±) in the PRF has nothing
to do with the handedness. The spin state representation of the rotation R(Λ,p), i.e.,
U−1± [L(Λp)]U±[Λ]U±[L(p)], acting on the spin state space in the PRF can be written as
D˜±(R(Λ,p)) = U±[L
−1(Λp)ΛL(p)] (43)
with using the group laws U [A]U [B]U [C] = U [ABC] and U−1[A] = U [A−1]. In the moving
reference frame with the particle momentum qµ = L(q)µρk
ρ, the little group representation
can then be obtained such as
U±[L(q)]D˜±(R(Λ,p))U
−1
± [L(q)]Ψ±(q
µ, λ) = exp
[ i
2
θkSk±(q)
]
Ψ±(q
µ, λ), (44)
where the spin state are represented by Ψ±(q
µ, λ) = U±[L(q)]Ψ(k
µ, λ) with the standard LT
U±[L(q)]. In equation (44), the exp[
i
2
θkSk±(q)] is the elements D±(θ
k) of the SU(2) groups
generated by Sk±(q) in the reference frame. Hence the group element D±(θ
k) is determined
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solely by the representations of the LTs, U±[Λ], U±[L(p)], and U±[L(q)]. Therefore, the two
SU(2) groups with the elements D±(θ
k) generated by the Sk±(q) in the reference frame are
the little groups. Their elements rotate the spin states without change of the momentum
eigenvalue of the spin state. The rotation angle θk are determined from the detailed infor-
mation of successive Lorentz transformations that give the particle’s momentum q. One of
the two little groups can be chosen to represent the Poincare´ group.
In addition, equation (44) can be written as
exp
[ i
2
θkSk±(q)
]
Ψ±(q
µ, λ)=U±[L(q)] exp
[ i
2
θkσk
]
Ψ(kµ, λ). (45)
Note that for both rotations on the spin states in the PRF (the right-handed side of equation
(45)) and in the moving frame (the left-handed side of equation (45)), the angle parameter
θk does not change. Also, the spin eigenvalues of Sk±(p) and σ
k are the same from equa-
tions (7) and (9). These imply that all three rotations, respectively generated by the spin
operators Sk+(p), S
k
−(p), and σ
k, are equivalent. Consequently, for the spin state, the two
spin operators Sk±(p) in the arbitrary frame in equation (45) provide the same little group
rotation.
Covariant parity operator. The covariant parity operator in the spin space should be
represented by using the spin operators Sk±(p) and momentum p
µ. It is expected that the
covariant parity operator would be a 0-th component of four-vector because the usual rep-
resentation of the parity operator is γ0 and ψ¯D(p
µ, λ)γ0ψD(p
µ, λ) in the four-dimensional
representation is the 0-th component of four-vector [31]. Hence the most desirable candi-
date has a form of P = ap0 + b ∗S0µ;±(p) p
µ, where a and b are Lorentz-invariant coeffi-
cients, because the operators ∗S0µ;±(p) p
µ = Sk±(p) p
k become w0 from equation (3) and
then Sk± p
k = σk pk/2 due to w0 = σ/2 · p in an arbitrary frame.
To find such a desirable form of covariant parity operator, let us consider the two con-
secutive LT operations U 2∓[L(p)] on the states Ψ±(p
µ, λ), i.e., U 2∓[L(p)]Ψ±(p
µ, λ). Since
the relations U−1± [L(p)] = U∓[L(p)] in equation (8) and Ψ±(p
µ, λ) = U±[L(p)]Ψ(k
µ, λ) in
equation (9), the two consecutive LT operations convert the states Ψ±(p
µ, λ) into the states
Ψ∓(p
µ, λ), i.e.,
U 2∓[L(p)] Ψ±(p
µ, λ) = Ψ∓(p
µ, λ). (46)
This means that for any spin, the two consecutive LT operators U 2±[L(p)] = exp [±σ · ξ] can
be parity operators for the state Ψ∓(p
µ, λ), respectively. If one considers the Taylor series
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expansion of the two consecutive LT operators, with the condition {σi, σj} = σiσj + σjσi =
2δij in the terms including (σ · ξ) (σ · ξ) = {σi, σj}ξiξj/2, one can have
U 2±[L(p)] = cosh |ξ| ±
σ · p
|p|
sinh |ξ|, (47)
where p ‖ ξ has been used. Since σ ·p = S± ·p, equation (47) can be covariant and has the
desirable form for covariant parity operators. In consequence, the covariant parity operator
is represented as
1
m
(
p0 ± ∗S0µ p
µ
)
Ψ±(p
µ, λ) = Ψ∓(p
µ, λ). (48)
However, the condition {σi, σj} = 2δij is satisfied only for spin-1/2 representation. Then,
only for spin-1/2 case, the parity operator can be covariantly represented in equation (48).
In the direct sum (1/2, 0) ⊕ (0, 1/2) representation, the covariant parity operator can be
rewritten as P = (P 0 + ΣkP kγ5)/m.
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